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Abstract 

Wc show how the double vector bundle structure of the manifold of double ve- 
locities, with its submanifolds of holonomic and semiholonomic double velocities, is 
mirrored by a structure of holonomic and semiholonomic subgroups in the principal 
prolongation of the first jet group. We use the actions of these groups to construct 
holonomic and semiholonomic submanifolds in the manifold of double contact ele- 
ments, and show that these give rise to affine bundles where a semiholonomic element 
has well-defined holonomic and curvature components. 
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1 Introduction 

Since the time of Ehresmann it has been known that the velocities on a manifold E, 
the equivalence classes of maps D O E under the relation of having the same 
value and derivatives up to some order r at zero, may be related to the contact elements, 
the equivalence classes of m-dimensional submanifolds under the relation of having r- 
th order contact at a point; the relationship involves the action of jet groups. It has 
also been known that non-holonomic jets, where the action of taking a jet is repeated, 
give a generalisation which is important when considering questions of integrability, and 
that there is an intermediate notion of semiholonomic jets where the generalisation is 
concentrated on just the highest order derivatives, and which gives rise to a well-defined 
concept of curvature. These generalisations apply to both velocities and contact elements, 
and it is of interest to discover the relations between them. An article by Kolaf [3] (see 
also [4]) describes these relations, using the principal prolongations of jet groups [2] to 
obtain nonholonomic contact elements from nonholonomic velocities. 

At a meeting in Krakow for the eightieth birthday of W.M. Tulczyjew, the author gave 
a talk which also considered these relations in the special case of double 1-velocities and 
double 1-contact elements, and the present paper describes some elements of that talk. 
We show that the first principal prolongation of the first order jet group does indeed have 
a kind of 'double structure' which is similar to that of the manifold of double 1-velocities. 
Indeed, the group was described in the talk as the 'double jet group', but Jean Pradines 



has suggested to the author that this might result in confusion with Ehresmann's double 
groupoid, and so the terminology in this paper has been modified: we now call it the 
'principal jet group'. We show that this group has three distinguished subgroups, the 
first of which may be canonically identified with the second order (holonomic) jet group, 
the second of which has good claim to be called 'semiholonomic', and the third of which 
may be called a 'curvature' subgroup. Although the action of the whole group on the 
double velocity manifold is free only on a certain open submanifold, we show that the 
action of each of these subgroups is free on a larger submanifold which includes vertical 
velocities. In this way we are able to construct a split short exact sequence of vector 
bundles over the manifold of first order contact elements; we can therefore show that 
both the holonomic and the semiholonomic double contact elements form affine bundles, 
and that each semiholonomic element gives rise to a unique holonomic/curvature pair. 

2 Preliminaries 

In this section we give a rapid survey of basic results on velocities; the original ideas 
were described in the works of Ehresmann [1], and [2] is a useful reference. See also [6] 
for double structures, and [5] for semiholonomic jets. 

Let £^ be a manifold (finite-dimensional, smooth, Hausdorff , paracompact) with dim E = 
n. If m < n then the manifold of first order m-velocities in E will be denoted by Tl^E, 
and the open submanifold of regular velocities by T^E. An element of T^E is therefore 
of the form Jq7 where 7 : O — > £^ is a map from a connected open subset O C M™ 
with C O into E; the velocity is regular when 7 is an immersion near zero. We shall 
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let TmE '■ T^E E he the projection, and TmE '■ T^E — >■ E its restriction to regular 
velocities. Any map f : Ei ^ E2 gives rise to a prolonged map T^f : T^Ei — )■ T^E2 by 

Tif{jh)=jlif°l)- 

The jet group has elements of the form where : O — >■ M"* satisfies ^(0) = 
and is a diffeomorphism near zero; composition is jgcpi o Jo02 = joi4'i ° 4^2)-, and the 
group may be identified with GL(m,M). This group has a right action on T^E given by 
io7 ■ id*?^ = io(7 ° 't^) which restricts to a free action on T)^E. The quotient by this free 
action is a Hausdorff manifold J^L^, the manifold of first order m-dimensional contact 
elements, and may be identified with the Grassmannian manifold of m-planes in E] we 
shall denote a typical element of J^E by [JqT]) ^iid we shah let p : T^E J^E be the 
projection and T^mE '■ ~^ ^ induced map. 

o -. o -. 

If E is fibred over some other manifold hy it : E ^ AI then T„ tt C T i E will denote the 

o I 

subset of velocities where the composite vr o 7 is an immersion near zero; T^n is an open 
submanifold of f^E. The prolongation T^tt : T^E T^M restricts to T^tt f^M, 
but need not restrict to f^E T^M. 

The free action of restricts to T^ir, and the quotient is an open submanifold J^tt C 
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JrnE which may be identified with the manifold J it of jets of local sections of vr by 
J^TT Jm^, jptp 1-^ bo(V' ° where p e M and where x is a coordinate map on M 

around p. 

We may apply these constructions where wc start, not with E itself, but with its velocity 
manifold T^E. The double velocity manifold T^T^E is the total space of a double vector 
bundle: that is, there are two commuting vector bundle structures r^(T^E) '■ ^m^m-^ ^ 
T^E and T^TmE ■ T^T^E T^E. By considering maps x '■ O x O ^ E we may 
express elements JqJ of T^T^E, where 7:0^ T^E, as double jets jQ{t 1-^ JoXt) where 
Xtis) = x(s,i), and hence define an involution e : T^T^E — ^ T^E, the exchange map, 
by sending x(s,t) to x(t,s). The involution links the two vector bundle structures on 
T^Tm^, because T^(Ti,E) °e = T^TmE- 

The double vector bundle structure and the exchange map define distinguished subman- 
ifolds of T^T^E. The holonomic submanifold T^E is the fixed point set of the exchange 
map, and the semiholonomic submanifold T^E is the subset where the two vector bundle 
projections T^^fx^E) ^^'^ T^t^e are equal; thus we see that T^E C T^E. 

These submanifolds may also be described by considering distinguished maps O T^E. 
Given any map 7 : O — > -E, its prolongation is the map J^j : O T^E, J^7(t) = 
Jo (7 o Tt) where : -> M™ is the translation Tt{s) = s + t. If 7 : O -> T^E is 
a prolongation then necessarily 7 = j^{TmE 07); if this condition holds only at zero, 
so that 7(0) = f'{TmE ° 7)(0), then 7 is called a semiprolongation. A velocity Jq'^ G 
T^j^T^j^E is semiholonomic when 7 is a semiprolongation, and it is holonomic when some 
representative map 7 : O — >■ T^E, with jo7 = jo7, is a prolongation (it need not be the 
case that 7 itself is a prolongation). The holonomic submanifold may be identified with 
the set of second order m-velocities {j'oT}- 

Both the holonomic and the semiholonomic submanifolds of T^T^i? define affine sub- 
bundles of the vector bundle t^^t^^e) '■ '^m'^m^ ~^ ^m-^- This may be seen by expressing 

the velocity bundle T^E as a Whitney sum ^"^TE and hence as a tensor product 
TE (g)E M"^*. The submanifold of vertical double velocities VmTmE may be written as 

= r:,EiTiE)®Ti,ER-^* 

This is the vector bundle over T^E on which is modelled; it may be decomposed 
into its symmmetric and skewsymmetric parts. 

The symmetric part is the vector bundle over T^E on which T^E is modelled, and the 
decomposition gives rise to a decomposition of semiholonomic double velocities 

= T^E ®TIE VmTmE 
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into holonomic and 'curvature' components. 

The concept of regularity may be applied in several different ways to double velocities. 
One observation is that the the pair of maps TJ^TI^E — )• Tl^E defining the double vector 

0-| 0-|0-. 0-. 

bundle structure restrict to a pair of maps T^t^e ~^ '^m^ rather than T^^T^\^E — > T^^E: 
that is, we need to consider regular velocities jg-y satisfying the stronger condition that 

TmE o 7 is an immersion. Also, we may define T^-E = T^E n T^TJ^E and T^-E = 
f2£;nr^f^£;, and then 

2 2 1 *^ 

^m-^ C T^E C T^TjnE ■ 

If we restrict the vector bundles VmTjnE, V^TmE and V^TmE to points of T^E then we 
still have the decompositions 

mTmE = V^TmE ® S,^ „ Vj^TmE 

and ^ 



It is often convenient to use local coordinates for proofs. If {U,u°') is a chart on E then 
coordinates on the preimage of U in T^E are (n", uf) where uf{jQj) = Di7"(0); similarly, 
coordinates on the preimage in T^T^E are {u"',uf;u'!'j,ufj). The double vector bundle 
projections are given by 

° -^miT^E) = , W'o T^TmE = , 

and the exchange map is given by 

u"- oe = u"' , u"'jOe = Uj 

< o e = , ufj oe = u%. 

The semiholonomic submanifold is therefore defined by the constraint equations = u°'^, 
and the holonomic submanifold by these and the additional constraint equations u^^ = 
?/«. 



3 The structure of the principal jet group 



The first order m- dimensional principal prolongation of a Lie group G is defined in [2] 
as the semidirect product of T^G and L^, where the velocity manifold T^G is given 
the group operation jo7i • jo72 = Jo (71 '72), with 71 • 72 being the pointwise product 
(71 •72)(i) = 7i(i)72(i), and where the action of on T^G by automorphisms is the one 
described in the previous section. A similar definition is given for higher order principal 
prolongations. A recent paper by Kolaf [3] has shown how to use these prolongations. 
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in the case where G is itself a jet group, to construct repeated contact elements from 
repeated velocities. We shall describe this in the (1, l)-order case. 

Recall first that acts on T^E to give J}^E as a quotient, so that T^L}^ acts on 

TITLE to give T^J^E a,s Bi quotient. Then, separately, acts on the submanifold 
T^J^E C T^J^E to give J^J^E; consequently elements of T^p C Tj^T^E project 
twice to elements of J^J^E. We shall write a general element of J^J^E as [[jo7]]. 



Write Pm for the semidirect product x T^Lj^, with group operation 

if Aj denote the global GL(m,M) coordinates on and {Aj,Bjj^) the corresponding 
global coordinates on T^Lj^ then the product is given by 

• ioV2) • jo^2) = 4(io^i)4'(io^2) , 

Proposition 1. For maps x'OxO^ define Xs*, X*t '■ O by 

Xs*{t) = X{s,t) - x{s,0) , X*t{s) = x{s,t) - x(0,t) ; 
then each element of Pm^ may be written uniquely in the form 

{jl(t>^jl(^) = OoXo* Joit ^ joX*t)) 

where Xs*, X*t o,re both immersions near zero. 

Proof. Given % satisfying the immersion condition, let ^ = xq* and u{t) = ioX*t- Con- 
versely, given jQcj) and JqG, define x by 

X\s,t) = A]{jla)s^ + A]{jl<t>W + B]k{3l'y)sH^ . 

The result then follows from the fact that (joXo*)id(^ ^ idx*t)) is determined by 
Dix{Q, 0), D2X(0, 0) and DiI)2X(0, 0). □ 

Corollary 2. The correspondence x(s,i) ^ x(^)S) determines a well-defined exchange 
map e : Pm^ P^^ satisfying A o e = /7, where 

Proof. Immediate in coordinates. □ 
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Wc may now define an clement (jg0, JqCt) G Pm to be semiholonomic if A(jq(?!>, JqO") = 
/i(jQ0, JqO"), and to be holonomic if e(jQ0, jgcx) = (jq(/), jgO"). It is clear fromtlic definition 
that a semiholonomic element is of the form (cj(0), Jqct). In coordinates, a semiholonomic 
element {jo4>,joCT) satisfies A'j{jQ(j)) = 74*(jQ(j), and a holonomic element satisfies this 
condition and, in addition, S*.^(jQ(7) = B'j^^{jla). 

Proposition 3. The set of semiholonomic elements of Pm^ is a closed Lie subgroup. 
The set of holonomic elements is also a closed Lie subgroup which may be identified 
with the second order jet group. 

Proof. The fact that both L^^ and are closed Lie subgroups follows straightforwardly 
from the coordinate conditions. If jgcp is an element of the second order jet group then 

JO^ = 30 {t ^ io(T_^(t) 0(f)0 Tt)) 

where t h-)- jo(t_0(j) o o t^) is a map O — )• Lj^, so we may identify Jq0 with (jqi^, Jq^) G 
L^ C Pm^. Conversely, given an element {iQ(t>,jQ(T) G we may define ^ by 

^\t) = A]{jla)t^ + \B],{jla)tH^ 
andthen j^0 = j^<^and j^(7 = jg<^. □ 

We have seen from the coordinate formula that is the subgroup of L^^ satisfying the 
symmetry condition S*-^ = B'^^-. There is also a subgroup satisfying the corresponding 
skew-symmetry condition, i?*^ + B],- = 0, and we shall call this the curvature subgroup. 
It may be defined abstractly by letting V : — > denote the projection arising from 
the symmetrising map x(s, t) ^ \ (x(S) + x(i) ■s)) and putting = Lj!„ xi ker V, where 
we regard L}^ c by ^ (io^,io (Ik-)) ■ 



4 The principal jet group and double contact elements 

We define the right action of the principal jet group Pm^ on the double velocity manifold 
T^^T^E (see [3]) by 

ill ■ {jh<t>,3l(^) = Oo7 • 3l<t>) ■ JqO- ; 
in coordinates, putting j^ji = j^j ■ {j^(f),j^a), this is 

<Uhi) = <U7)4'(joV) 

«"(jo7i) = ^:i(jo7i)40oV) 

<,(io7i) = <fcA'(Jo^)40oV) + <4U^) • 



6 



11 1 1 1 

Lemma 4. The action of Pm restricts to a free action on T^p C T^T^E. 

11 *^ 1 

Proof. To show that the action of Pm restricts to T^p, write 

Uo'PJo'^) = (jo(idiR-),io(f^°'/'~^)) • (jo^^,Jo(1k-)) 

and use properties of the separate actions of and T^L}^. A similar approach shows 
t\i&l\ljl^-{jl4>,jla) = j|j7whenj(57 G T^p then = j^(id]Rm) and j^a = □ 

11 1 

It is clear that the action of Pm is equivalent to the two-stage process of acting on T^p 
first with T.^ L^^^ and then with as described in the previous section, and that the 

1 11 11 

quotient of T^p by Pm is again J^J^E. 

By choosing a subgroup of Pm^ we may find a larger submanifold of T^T^E on which 
the action is free. 

Lemma 5. The action of the semiholonomic subgroup C Pm is free on T^T^E. 



Proof. This follows easily from the coordinate formula. If 

<Oo7) = <(io'7)A'(ioV) 

then 74^(jqC7) = 6^ because 7 takes its values in T^E so that the matrix ti/J(jo7) 
maximal rank; the semiholonomic condition now implies Aj{jQ(f)) = Sj so that B^j = 
0. □ 



A justification for the names 'holonomic subgroup' and 'semiholonomic subgroup' comes 
from the following. 

Proposition 6. An element (io0,io'7) € Pm^ is in the semiholonomic subgroup if, 
and only if, it maps elements of ff^^E to f^^^E; it is in the holonomic subgroup if, 
and only if, it maps elements of T^E to T^E. 



Proof. These follow from the coordinate formula. The direct arguments are straight- 
forward; for the converse, if there is at least one element JqJ G T^E such that jo7 ' 
ij^cf>,j^a)eTlE then 

<(jo7) = <U7) , <(jo'7)4'ao^) = y^kUo7)AHjo^) 

so that the maximal rank of it"(jo7) shows that A^(jqC7) = A^(jo^) and hence that 
Uo'^tJo'^) ^ -^m- ^ similar argument applies for T^E and L^. □ 

We now consider the three vector sub-bundles VmTmE, V^fmE, Vm^mE of T^T^E. 
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Lemma 7. The free action of on T^T^E restricts to VmfmE; similarly the free 
actions of the subgroups and restrict to V^fmE and V^fmE respectively. 

Proof. This also follows easily from the coordinate formula. □ 
Theorem 8. Put 

then each quotient space is a manifold, and is the total space of a vector bundle over 

Proof. Let p : VmfmE — > VmJm^ t)e the quotient. Using coordinates {u"" , u"^ , u'^j) on 
VmfmE with u"'j = and with det{uj) ^ 0, define coordinates (ti", uf, vf^) on the quotient 
(where a = m + 1, . . . ,n) by 

o p = 

a " a h k a h k p q 

Vij op = ui^k^i rj - Uf^r,,Upgr^r] 

where rj^uj = 6^. One may check that the coordinates are well-defined and give smooth 
transition functions, thus providing a manifold structure on the quotient. One may also 
check, using these coordinates, that the vector space structure on the fibres of VmTmE 
projects to the quotient, and that the vfj are linear fibre coordinates corresponding to 
linear local trivialisations, so that VmJm^ ~^ ^ vector bundle. 

A similar approach may be used for the other two quotient spaces. □ 

o ^ 

Corollary 9. The split short exact sequence of vector bundles over T^E 

V^ifmE yrrJmE ^ ^mJmE 

corresponding to the direct sum decomposition of VmfmE projects to a split short exact 
sequence of vector bundles over JmE 

^ V^JlE ^ VmJlE -> J^E ^ . 
Proof. Once again coordinates may be used to show that the injections 

m'TmE, ^m^mE Vm'TmE 

pass to the quotient. For instance, if Jo7i, Jo72 ^ V^fmE project to the same element of 
J^^; then 

<,Oo7i) = <feOo72)44 + 4(io72)4 
for some clement of with coordinates {Aj,Bfj); but ufjijo^fi) = w"j(jo7i) 
'"fcfcOoT's) — '"fc/i(io72)' so that the maximal rank of the matrix tf^(jo72) shows that 
Bf- = so that the element of must in fact be contained in the subgroup L^. □ 
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Finally, we define an element [[jo7]] G J^J^E to be holonomic if at least one rep- 
resentative double velocity jg7 is holonomic, and to be semiholonomic if at least one 
representative Jq7 is semiholonomic; we write J^E for the subset of holonomic double 
contact elements, and J^E for the subset of semiholonomic double contact elements. 

Theorem 10. The subset J^-E is a submanifold of J^J^E and is the total space of 
an affine bundle over J^-E modelled on VmJm^i subset J'^E is also a submanifold 
of J^J^E and is the total space of an affine bundle over J^-E modelled on V^J^E. 
Furthermore, we may write 

giving a decomposition of semiholonomic double contact elements into holonomic and 
'curvature' components. 

Proof. Once again we use coordinates. The coordinates (n",u^,n^ ) with u°i = uf and 

with det(n^) 7^ on T^E may be used to define coordinates {u°',uf,vfj) on J^E in 
the same way as in Theorem 8; indeed the standard method of constructing coordinates 
on the manifold of first order contact elements may be used to construct coordinates 
{u"- , uf , v^j , v'?j) on the open submanifold J^TTmE C J^J^E, the quotient of T^TmE C 
T^p by PjjI , and then J^E C J^tt^e is the submanifold satisfying the coordinate 
constraint v'^ = uf. We may then check that the afHne action of VmfmE on T^E projects 
to an affine action of the vector bundle VmJm^ ■^m^- The same argument applies 
in the holonomic case, where the additional constraint = it"j on T^E gives rise to 
a similar constraint vf^ = v"^ on J^E. The decomposition of semiholonomic double 
contact elements comes from the decomposition of semiholonomic double velocities and 
is independent of the choice of representative. □ 
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